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A Fixed Point Result for Environment-Induced Semigroups
Andreas Martin Lisewski∗
Belgradstrasse 19, 80796 Munich, Germany
Based on the environment-induced semigroup approach to the quantum measurement process, we
show that a certain class of these semigroups, referred to as contractive uniformly k-Lipschitzian
semigroups, exhibit a fixed point property. With regard to the quantum measurement problem,
semigroups of this kind ensure decoherence and the selection of a single state from the familiy of
pointer states. In fact, the common fixed point is the selected state.
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I. INTRODUCTION
The theory of quantum measurement aims to explain
the emergence of certain objective results out of an orig-
inally given physical structure that consists of three enti-
ties: a quantum physical system that is object to a mea-
surement (the system, in short), the physical environment
of this system (the environment), and a human subject.
The system itself is any part of nature where the laws of
quantum mechanics may reasonably be applied to, while
the environment is the physical complement of the system
consisting of the measurement apparatus as well as of all
physical structures that exert some non neglegible influ-
ence to the system. And finally, the human subject being a
conscious witness to the experimental outcome of the mea-
surement and treating this outcome as an objective docu-
ment. It turns out that under suitable conditions a mea-
surement result may properly be represented as a unique
classical quantity. Now this situation poses a problem,
because before measurement this quantity did not appear
to play a special or an outstanding role within the quan-
tum physical description of the system nor did this quan-
tity have a special meaning in the physical description of
the system’s environment including the human observer.
More precisely, even though quantum theory permits a
variety of different experimental outcomes (allowing also
for non classical results, i.e., quantum superpositions), a
measurement of a quantum system is often characterized
by a single outcome that corresponds to a classical state.
Therefore a theory of quantum measurement must be able
to explain at least two physical processes:
1. The effective elimination of all quantum superposi-
tions, i.e., states of the kind ”Schro¨dinger’s cat”.
2. The selection of a single state out of the set of all
remaining states.
Several theoretical attempts have been made to accom-
plish these objectives, i.e., to explain the apparent collapse
of the wave function. In fact, one particular method–
referred to as decoherence– proved to be successful in ex-
plaining the absence of certain quantum states in mea-
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surement results. With decoherence it has been shown
that the interaction between the measured quantum sys-
tem and its environment–in particular the measurement
apparatus– eliminates exactly those quantum superposi-
tions which according to classical physics represent con-
tradictory facts, e.g., a radioactive nucleus being in a state
after and before its decay at the same time. Thus deco-
herence is able to explain the first of the two porcessess
stated above. However, with regard to the second point a
convincing answer within the decoherence framework has
not been given yet. For example, recent arguments as
given by Adler [1] shed doubts on the ability of the de-
coherence approach to select a single quasi-classical out-
come of a quantum measurement. These arguments seem
to invalidate an opinion which according to decoherence
can indeed accomplish the first and the second objective–
as has been put forward recently by several authors (c.f.,
references in [1]).
The aim of this text is to show that there exists a
plausible model of decoherence that can indeed accom-
plish both objectives. We follow the seminal works of
Olkiewicz and Blanchard [2], [3], and approach the quan-
tum measurement problem by treating environment (es-
sentially, the measurement apparatus) as a classical sys-
tem described by a commutative algebra of functions.
In this approach, the evolution equation of the classical
part is modified by the expectation value of some quan-
tum observable of the quantum system while, at the same
time, the Schro¨dinger unitary dynamics for the latter is
replaced by a environment-induced semigroup T of posi-
tive maps (Henceforth, we will frequently use the abbre-
vation EIS.). This semigroup is generated by a Marko-
vian master equation. As a consequence, the evolution
of the quantum system becomes dissipative and (Marko-
vian) stochastic through the interaction with its environ-
ment. This method represents decoherence as a process of
continuous measurement-like intercation between the sys-
tem and its environment in which the environent-induced
semigroup naturally leads to a decomposition of the space
of observables: one subspace in which the semigroup acts
in a reversible unitary way (referred to as the isometric
subspace), and the second in which the semigroup sweeps
out the rest of the statistical states (referred to as the
sweeping subspace). The isometric part is used to define
sets of classical states. If they turn out to be nonempty,
Blanchard and Olkiewicz conclude that these states cor-
2respond to points in a classical phase space.
With the environment-induced semigroup approach, we
look at a system’s transition in time from an initial phase
where the system is described completely by means of
unitary Schro¨dinger dynamics (the closed phase), to a
secondary phase where the measurement-like interaction
between the system and its environment is described by
means of the EIS (the open phase). Our main task is to
demonstrate that under some general conditions the dy-
namics in the open phase is characterized by an attractive
fixed point of the EIS in the quantum state space, and that
this point corresponds to a point in classical phase space.
Thus we conclude that if decoherence is represented by
an environment-induced semigroup, it can accomplish the
first and the second objective (as stated above) that every
physical model of quantum measurement has to comply
with.
II. THE FIXED POINT
A. “Classical” States
Environment-induced semigroups form a subset of so-
called dynamical semigroups, i.e., a strongly continuous
semigroup of completely positive trace preserving and con-
tractive (in the trace norm ‖ · ‖1) operators acting on the
space of trace class operators C1 (This Banach space is
often referred to as the von Neumann-Schatten class.). In
addition, it is also contractive in the operator norm ‖·‖∞;
this last property ensures that for an evolving statisti-
cal operator ρ the statistical entropy S(ρ) = −trρ log ρ
and the linear entropy (often referred to as the purity)
Sl(ρ) = 1− trρ2 never decrease [3]. Also, an environment-
induced semigroup T = {Tt : t ≥ 0}, determines two
linear, closed and T -invariant subspaces Ci1 and C
s
1 in the
Banach space of all trace class operators C1. The subspace
Ci1 is called the isometric part and C
s
1 the sweeping part.
These spaces have the following properties [4]:
a) Ci1 and C
s
1 are *-invariant;
b) For all e1 ∈ Ci1, e2 ∈ C
s
1 it is tr[e1e2] = 0;
c) C1 = Ci1 ⊕ C
s
1;
d) Tt|Ci
1
is an invertible isometry given by a unitary group,
i.e., Tt|Ci
1
e1 = Ute1U
∗
t for any e1 ∈ C
i
1;
e) weak*− limt→∞ Tt|Cs
1
e2 = 0 in the weak* topology for
any e2 ∈ Cs1.
It can be shown that any one-dimensional projection
e ∈ Ci1 remains a projection during the temporal evolution,
and so Sl(Tte) = 0 , Tt ∈ T , for all t ≥ 0 (In other words,
the temporal evolution in the isometric part is fully de-
termined by Schro¨dinger dynamics.). This property may
be used to define the set S0 of “robust states”
S0 = S ∩ C
i
1 , (1)
where S is the set of all states. By a state we always
mean a pure state; hence S consists of one-dimensional
projections (determined up to a complex phase factor) in
a Hilbert space H. An arbitrary state from S0 will remain
robust, i.e., will still be an element of S0 and thus will stay
pure during time evolution. In other words, robust states
evolve unitarily. Thus the set of robust states is likely to
contain “classical” states, because unitary evolution guar-
antees perfect predictability– surely a desired feature of
any state attributed as being “classical”. However, the
isometric subspace may contain states that do not have
a classical counterpart. Since the quantum mechanical
superposition of states may still be applied, a linear com-
bination of, say, two robust states may result in another
robust state. This feature has no classical analogy, since
classical (and deterministic) states do not combine into
another classical state. Blanchard and Olkiewicz use this
observation to state the following definition:
Definition II.1. A state e ∈ S is called “classical” if
e ∈ S0 and if for any f ∈ S0, f 6= e, S(e, f) ∩ S0 = ∅,
where S(e, f) denotes the set of all states being non-trivial
superpositions of e and f . The collection of all “classical”
states is denoted by Sc.
It can be shown that although “classical” states remain
pure under the action of an arbitrary element, Tt, the
environment-induced semigroup, any of their non-trivial
superpositions loses its purity, i.e. evolves into a mixture.
Given that Sc is non-empty, the following statement about
its elements can be made [2]:
Theorem II.1. If Sc 6= ∅, then it consists of a family,
possibly finite, of pairwise orthogonal states {e1, e2, . . . }
such that Ttei = ei for all t ≥ 0 and any index i.
This theorem reveals two important features. First,
since it is ei · ej = δij ei, it is evident that “classical”
states form a so-called pointer basis, which means that
the corresponding reduced density matrix is diagonal in
this particular basis. Second, since it is Ttei = ei for all
i and t ≥ 0, it turns out that each “classical” state is ac-
tually a common fixed point of the environment-induced
semigroup T .
It is clear that if before measurement the quantum sys-
tem is in an eigenstate of the measured observable, then
this state coincides with a “classical” state. But what
happens when the quatum system is not in an eigenstate
of the measured observable? Will then “classical” states
emerge anyway? In this context it is worthwhile to note
that theorem II.1 tells nothing about the actual existence
of “classical” states. Furthermore, and in the view of
the statements made in the introduction, a proper pro-
cess that selects a single state out of the pointer basis of
“classical” states is still missing. Thus an answer to the
question of how a unique and classical measurement result
is ever achieved has not been addressed yet.
B. The Fixed Point
In this part we extend the methods presented in the
previous section, such that we will arrive at a situation
that allows us to discuss the open questions stated above.
3Here, we presume that the environment-induced semi-
group is contractive in the sense that for every f, g ∈ C1
with f 6= g the inequality
‖Ttf − Ttg‖1 < ‖f − g‖1 (2)
holds for all t ≥ 0. Moreover, if f is positive with ‖f‖1 = 1
then ‖Ttf‖1 = ‖f‖1.
First of all, we observe that the existence of a “classical”
state e ∈ Sc is equivalent to the existence of a unique
common fixed point Tte = e for all t ≥ 0. Since theorem
II.1 tells us e ∈ Sc ⇒ Tte = e for all t ≥ 0, it is sufficient to
show the opposite implication. Thus let e be a common
fixed point of the environment-induced semigroup T =
{Tt : t ≥ 0} acting on the Banach space C1. Since Tt,
t ≥ 0, is contracting in the operator norm ‖ · ‖1, there
are no other fixed points. Furthermore, we show that e
must be an element of S0. It is clear that e ∈ Ci1, because
obviously an element of the sweeping space Cs1 cannot be
a fixed point of Tt. We then assume that e ∈ Ci1 while
e /∈ S0. But this assumption leads to a contradiction. This
stems from the fact that an element e ∈ Ci1 \ S0 is either
not pure, or, if it is a superposition of distinct pure states,
its trace norm ‖ · ‖1 must not equal one. But on the other
hand we know that Tt acts on Ci1 as an invertible isometry
given by a unitary group – c.f., property d) in the previous
paragraph, and that the unitary evolution generated by
such a group can never change a pure state into a mixture
or change the norm of the pure state. Moreover, let the
set S0 be nonempty, and let f ∈ S0, then our assumption
together with the prerequisite that Tt is contractive in the
‖ · ‖1 norm demand
lim
t→∞
‖Tte− Ttf‖1 = lim
t→∞
‖e− Tt|Ci
1
f‖1 = 0 . (3)
But since e is a mixture or it is ‖e‖1 6= 1, while f is a pure
state, the unitary (and continuous) evolution of Tt|Ci
1
f
cannot be brought in line with equation (3). Thus we have
shown that e ∈ S0. Finally, let again S(e, f) denote the
set of all states being non-trivial superpositions of e ∈ S0
and f ∈ S0, e 6= f . Then, clearly, S(e, f)∩S0 = ∅. So, we
have proven the following proposition:
Proposition II.1. There is at most one e ∈ C1 such that
the following equivalence relation holds: e ∈ Sc ⇔ e is
a unique common fixed point of the environment-induced
semigroup T .
Our next intention is to investigate the existence of a
fixed point. We start with preliminary defnitions. Let
G be a semitopological semigroup, i.e., G is a semigroup
woth a Hausdorff topology such that for each a ∈ G, the
mappings t → at and t → ta from G into itself are con-
tinuous. Let C be a nonempty subset of a Banach space
X . Then the familiy T = {Tt : t ∈ G} of self-mappings
of X is said to be a Lipschitzian semigroup on X if the
following properties are satisfied [5]:
1. Ttsx = TtTsx for all t, s ∈ G and x ∈ X ;
2. for each x ∈ C the mapping t → Ttx is continuous
on G;
3. for each t ∈ G there is a constant k(t) > 0 such that
‖Ttx− Tty‖ ≤ k(t)‖x− y‖ for all x, y ∈ X .
A Lipschitzian semigroup T is called uniformly k-
Lipschitzian if k(t) = k for all t ∈ G and in particular,
nonexpansive if kt = 1 for all t ∈ G. It is evident that
any environment-induced semigroup becomes a nonexpan-
sive uniformly k-Lipschitzian semigroup if we identify X
as the Banach space of trace class operators C1 equipped
with the trace norm ‖ · ‖1, and G as R+. In fact, any
environment-induced semigroup is even contractive, i.e.,
it is k(t) < 1 for all t ≥ 0.
For any x ∈ X , the orbit of x under T starting at x is
the set
O(x) = {x} ∪ {Ttx : t ∈ G} ,
and for any x, y ∈ X we set O(x, y) = O(x)∪O(y). A sub-
set C ⊂ X is said to be bounded if its diameter diam(C),
defined as
diam(C) = sup{‖x− y‖ : x, y ∈ C} ,
is finite. Additionally, we say a semigroup T is near-
commutative if, for any t, s ∈ G, there exists a u ∈ G
such that it is TtTsx = TsTux for all x ∈ X . With these
definitions the following theorem holds (c.f., [6]):
Theorem II.2. Suppose that T is a near-commutative
semigroup of continuous self-mappings on a Banach space
X such that the two following conditions are satisfied
1. For any x ∈ X, its orbit O(x) is bounded.
2. There exists an upper semicontinuous function ϕ :
[0,∞)→ [0,∞) such that ϕ(0) = 0 and ϕ(a) < a for
any a > 0 with the property that, for any Tt ∈ T ,
there exists n(Tt) ∈ N such that ‖T nt x − T
n
t y‖ ≤
ϕ(diam(O(x, y))) for all n ≥ n(Tt) and x, y ∈ X.
Then T has a unique common fixed point x∗ ∈ X and,
moreover, for any Tt ∈ T and any x ∈ X it is
lim
n→∞
‖T nt x− x
∗‖ = 0. (4)
First we note that any EIS is near-commutative because
it is commutative. We presume again that for a given EIS
T the set of robst states S0 is not empty; and we further
assume that the environment-induced semigroup is uni-
formly contractive, which means that k = sup{k(t) : t ≥
0} < 1. With this assumption we may construct an upper
semicontinuous “gauge function” ϕ : [0,∞)→ [0,∞), viz.
ϕ(a) = k a for all a ≥ 0 (A function f : [0,∞) → [0,∞)
is said to be upper semicontiuous at a point x0 if for any
ǫ > 0 there is a δ > 0 such that f(x) − f(x0) < ǫ for all
x ∈ [0,∞) with |x−x0| < δ. This function is called upper
semicontinuous if it is upper semicontiuous at all points
x0 ∈ [0,∞).).
4Next we verify the two conditions given in theorem II.2.
Given any f ∈ C1 its orbitO(f) has to be bounded because
for g ∈ S0 it is ‖Ttg‖1 = 1 for all t ≥ 0, which means
that O(g) is bounded. At same time it must be ‖Ttg −
Ttf‖1 < ‖g − f‖1 for all t ≥ 0; thus we have ‖Ttf‖1 ≤
1 + ‖Ttg − Ttf‖1 < 1 + ‖g − f‖1 ≤ 2 + ‖f‖1. Therefore it
is diam(O(f)) ≤ 2(2 + ‖f‖1) for any f ∈ C1. The second
condition is also fulfilled; as it is
‖T nt x− T
n
t y‖1 = ‖Tntx− Tnty‖1 ≤ k‖x− y‖1
= ϕ(‖x− y‖1) ≤ ϕ(O(x, y))
for every n ∈ N and t ≥ 0. Thus we obtain a fixed point
result:
Proposition II.2. Any environment-induced semigroup
T = {Tt : t ≥ 0}, which is uniformly k-Lipschitzian on
C1 with k < 1, and which implies S0 6= ∅, has a unique
common fixed point in C1, i.e., there is exactly one e ∈ C1
such that Tte = e for all t ≥ 0. Moreover, for an arbitrary
f ∈ C1 and any Tt ∈ T it is
lim
t→∞
‖Ttf − e‖1 = 0 . (5)
Given explicit existence, we may, by virtue of proposi-
tion II.1, imply
Corollary II.3. e is “classical”, i.e., e ∈ Sc.
We remark here that proposition II.2 does not estab-
lish a fixed point property for the whole class of possi-
ble environment-induced semigroups; instead it is valid
only for a proper subclass whose members are uniformly
contractive k-Lipschitzian semigroups. Nevertheless, this
proposition and the following corollary tell us that there
is indeed a unique “classical” state (among a family of
pointer states) such that it may be regarded as the unique
and classical outcome of a continuous measurement pro-
cess represented by an EIS acting on a open quantum sys-
tem. Furthermore, our result does not determine which
state from the pointer basis becomes a common fixed point
of the EIS; thus it does not introduce a deterministic
measurement process. Also, since all states converge to-
wards the same fixed point within the open phase, the
ultimate (t → ∞) outcome of the measurement process
is independent of the state of the quantum system prior
to the measurement, i.e., the state in the closed phase.
The fixed point property solely depends on the set of the
quantum system’s statistical operators – embedded in the
Banach space C1, and on its dynamical interaction with
an environment-induced semigroup. This interaction is
encoded in the algebraic and analytical structure of the
isometric-sweeping space decomposition: C1 = Ci1 ⊕ C
s
1.
III. CONCLUDING REMARKS
We have shown that a certain class of environment-
induced semigroups, i.e., that of all contractive uniformly
k-Lipschitzian semigroups, does indeed accomplish both of
the desired physical processes that we expect from a phys-
ical model of quantum measurement, namely decoherence
and the selection of a single “classical” state out of the
familiy of pointer states. Thus the environment-induced
semigroup approach for continuous quantum measure-
ments may well be regarded as a promising physical
model.
However, several open questions considering the pre-
requisites and the consequences of our results remain. We
name here a few without going into details. First, one may
ask for the conditions where it becomes permissable to
represent a continuous measurement as a Markovian mas-
ter equation. A non-Markovian evolution equation does
not generate a continuous semigroup of completely posi-
tive maps, i.e., in this case a semigroup composition law
TsTt = Tst is missing, and so the results presented here do
not apply. Second, it is worthwhile to explore necessary
conditions that imply a common fixed point property for a
larger class of EIS, i.e. for Lipschitzian semigroups where
k is not uniformly smaller than one. Third, with regard
to the structure of fixed point itself, one may ask un-
der what circumstances the fixed point becomes ergodic.
And fourth, one may investigate the interaction between a
given EIS and local group transformations in the quantum
phase space. Transformations of this kind are associated
with a Lie group G that represents the non-locality of
quantum states. Examples of realizations of this group
are: G = U(1)× SU(2) for a spin-1/2 particle, the cyclic
group G = Zp (p a prime) for a quantum harmonic os-
cillator, or the Heisenberg-Weyl group G = HW (q, p) for
a free particle. Since in general these groups do not act
as contractions on corresponding quantum state spaces, it
would be interesting to study possible emerging phenom-
ena such as symmetry breaking.
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